The two jugs problem is a classic problem in discrete mathematics, recreational mathematics, artificial intelligence, problem solving, cognitive psychology and computer programming. The methods of solutions are often based on heuristics or search methods, which could be time and memory consuming. In this paper, we introduce a simple algorithmic approach to tackle this problem and discuss how to obtain the optimal solution. Some illustrative examples are provided.
Introduction
The two jugs problem can be dated back to the Middle Ages in Europe. According to [12] , the earliest version of the problem appeared in print was likely due to the Italian mathematician Nicolo Tartaglia (1500-1557). Then, it develops to become a classic problem in problem-solving [1, 10, 12, 15, 16] , geometry [2] , recreational mathematics [3] , cognitive psychology [4, 8, 11, 13] , computer programming [5, 7] , discrete mathematics [6] and artificial intelligence [14] , etc. A common version of the problem mentioned in books or journal articles is like this:
You are given a 3 liter jug and a 5 liter jug. The jugs do not have markings to measure smaller quantities. How can you measure 4 liter of water by the jugs?
There are a number of ways to solve this problem, including the working backward approach [1] , the billiard approach [2, 3] , the digraph approach [6] , the search approach (Breadth First Search or Depth First Search) [5, 7, 14] and the methods of heuristics [4, 8, 10, 11, 12, 13, 15, 16] , etc. However, most of them are not algorithmic in nature and the methods of solutions could be time and memory consuming sometimes. Also, there is no guarantee that the solutions obtained are optimal, in the sense that the problem can be solved in minimal number of steps. In [17, 18] , an arithmetic approach was proposed by the author to solve this problem. This approach is algorithmic in nature and we can apply it to determine the total amount of water in the jugs in each pouring step by simple additions and subtractions only. Then, the actual pouring sequence can be obtained easily. In this paper, we will introduce such an approach and discuss how to obtain the optimal solution of the general two jugs problem.
The whole paper is organized like this. In section 2, the arithmetic approach for solving the general two jugs problem is introduced, together with descriptions of the mathematical background behind. Illustrations on how it works are provided in section 3. The main result on determining the optimal solution of the general two jugs problem is discussed in section 4. Then, some concluding remarks are provided in the final section.
An Arithmetic Approach
The general two jugs problem can be stated as follows:
You are given a m-liter jug and a n-liter jug, where m, n, d are distinct positive integers, 0 < m < n and d < n. The jugs do not have markings to measure smaller quantities. How can you measure d liters of water by the jugs?
This problem can be modelled by the Diophantine equation mx + ny = d, whose solvability is determined by the following well-known theorem in number theory [9] . For example, the two jugs problem mentioned in the introduction can be described by the Diophantine equation 3x + 5y = 4, which is solvable since gcd(3, 5) divides 4. However, if we replace the jugs by a 3-litre jug and a 6-litre jug, then the problem is unsolvable since gcd(3, 6) does not divide 4.
Unless stated otherwise, let us assume mx + ny = d is solvable in the subsequent discussions. We will discuss how to solve the corresponding two jugs problem algorithmically.
Depending on which jug is chosen to fill first, we have two possible ways to solve the general two jugs problems, which are described by the algorithms below [17, 18] :
The integers m, n and d, where 0 < m < n and d < n. Output: An integer sequence (called M 1 ) corresponding to a feasible solution of the two jugs problem, by filling the m-litre jug first. Procedure:
Step 1: Initialize a dummy variable k = 0.
Step 2: If k = d, then repeat adding m to k and assign the result to k until k = d or k > n.
Step 3: If k > n, then subtract n from k and assign the result to k.
Step 4 The number of additions (say x 1 ) and subtractions (say y 1 ) involved provides a solution to the Diophantine equation mx + ny = d, namely x = x 1 , y = −y 1 . Then, the actual pouring sequence can be obtained easily by referring to the integer sequence.
Algorithm 2.3.
Input: The integers m, n and d, where 0 < m < n and d < n. Output: An integer sequence (called M 2 ) corresponding to a feasible solution of the two jugs problem, by filling the n-litre jug first. Procedure:
Step 2: If k = d, then add n to k and assign the result to k.
Step 3: If k > d, then repeat subtracting m from k and assign the result to k until k = d or k < m.
Step 4: If k = d, then stop and return the sequence of the values of k obtained. Otherwise, repeat the Steps 2-4.
Again, the number of subtractions (say x 2 ) and additions (say y 2 ) involved provides a solution to the Diophantine equation mx + ny = d, say x = −x 2 , y = y 2 . Then, the actual pouring sequence can be obtained by referring to the integer sequence.
Examples
Let us illustrate how the algorithms work with the following examples.
Example 3.1. Suppose there are a 3-litre jug and a 5-litre jug. We want to use them to measure 4 liter of water. Now, m = 3, n = 5, d = 4 and the associated Diophantine equation is 3x + 5y = 4. Since gcd(3, 5) divides 4, so this problem is solvable.
By applying Algorithm 2.2, we can obtain the following integer sequence (M 1 ):
There are 3 additions and 1 subtraction involved, so x = 3, y = −1 is a solution of the Diophantine equation 3x + 5y = 4. The numbers in the integer sequence represent the total amounts of water inside the jugs at each step, and the physical meaning of x = 3, y = −1 is that the 3-litre jug has been completely filled for 3 times and the 5-litre jug has been completely unfilled for 1 time.
Based on the integer sequence obtained, we can describe the water pouring sequence easily as follows, where (x, y) denotes the amounts of water inside the 3-litre jug and the 5-litre jug respectively:
Thus, the total number of pouring steps involved in M 1 is 8.
If we apply Algorithm 2.3, then we can obtain the following integer sequence (M 2 ):
There are 2 additions and 2 subtractions involved, so x = −2, y = 2 is a solution of the Diophantine equation 3x + 5y = 4. It means the 3-litre jug has been completely unfilled for 2 times and the 5-litre jug has been completely filled for 2 times.
Based on the integer sequence obtained, we can describe the water pouring sequence as follows:
Thus, the total number of pouring steps involved in M 2 is 6, which is 2 steps less than that of M 1 .
Example 3.2. Suppose there are a 3-litre jug and a 7-litre jug and we want to use them to measure 2-litre of water. Now, m = 3, n = 7, d = 2 and the associated Diophantine equation is 3x + 7y = 2. Since gcd(3, 7) divides 5, so this problem is solvable.
There are 3 additions and 1 subtraction involved, so x = 3, y = −1 is a solution of the Diophantine equation 3x + 7y = 2. It means the 3-litre jug has been completely filled for 3 times and the 7-litre jug has been completely unfilled for 1 time.
The corresponding water pouring sequence is like this:
Thus, the total number of pouring steps involved in M 1 is 6.
There are 2 additions and 4 subtractions involved, so x = −4, y = 2 is a solution to the equation 3x + 7y = 2. It means the 3-litre jug has been completely unfilled for 4 times and the 7-litre jug has been completely filled for 2 times.
The corresponding water pouring sequence is as follows:
Thus, the total number of pouring steps involved in M 2 is 10, which is 4 steps more than that of M 1 .
Determining the Optimal Solution
We have shown how to apply the Algorithm 2.2 or Algorithm 2.3 to obtain a special solution, say x = x 0 , y = y 0 , of the Diophantine equation mx + ny = d and hence the water pouring sequence to obtain the quantity of water required. We now discuss how to determine the optimal solution of the general two jugs problem.
Definition 4.1. Let x be a real number. The floor of x is defined as:
Definition 4.2. Let x be a real number. The ceiling of x is defined as:
Definition 4.3. Let P (x, y) be a point on the x,y-plane. We define the norm P to be the distance between P and the origin,namely:
As illustrated by the previous examples, the solutions (x, y) of the Diophantine equation mx + ny = d are closely related to the total number of pouring steps of the associated two jugs problem. The optimal solution of the general two jugs problem can be defined as follows. The following result describes the general solution of mx + ny = d. Reader can refer to [9] for its proof. 
, where k is an arbitrary constant.
The following theorem is the main result of this paper, which describes how to determine the optimal solution of the associated two jugs problem if a particular solution of the Diophantine equation mx + ny = d has been found. Theorem 4.6. If (x 0 , y 0 ) is a particular solution of the Diophantine equation mx + ny = d, then the water pouring sequence determined by P (x , y ) provides an optimal solution to the associated two jugs problem, where x , y can be obtained as follows:
and
Proof. By Theorem 4.5, P (x , y ) is a solution of the Diophantine equation mx + ny = d with the following form:
. Then, P is minimum whenk − z is least possible. Sincek is an integer and z ≤ z ≤ z , there are two cases to be considered, namely:
So, |k − z| is least ifk is chosen to be z . Case (ii): If z < ( z + z )/2, then z − z < z − z. For all integer k, |k − z| ≥ min{ z − z, z − z } = z − z . So, |k − z| is least ifk is chosen to be z . It completes the proof.
We now illustrate how to apply Theorem 4.6 to the previous examples. , sok = z = 1. By Theorem 4.5, we have:
Hence, the water pouring sequence determined by P (−2, 2) provides an optimal solution to the associated two jugs problem, which is consistent with the conclusion given in Example 1.
Note: If we apply Algorithm 2.3 to obtain the particular solution x 0 = −2, y 0 = 2, then z = −4/34 andk = z = 0. Hence, x = −2, y = 2 and the conclusion is the same as before.
Example 4.8. In Example 2, we have m = 3, n = 7, d = 2, = gcd(3, 7) = 1 and the associated Diophantine equation is 3x + 7y = 2. By Algorithm 2.2, we can obtain a particular solution x 0 = 3, y 0 = −1. Now,
, sok = z = 0. By Theorem 4.5, we have:
Hence, the water pouring sequence determined by P (3, −1) provides an optimal solution to the associated two jugs problem, which is consistent with the conclusion given in Example 2.
Note: If we apply Algorithm 2.3 to obtain the particular solution x 0 = −4, y 0 = 2, then z = −34/58 andk = z = −1. Hence, x = −4 + 7 = 3, y = 2 − 3 = −1 and the conclusion is the same as before.
Concluding remarks
A simple and novel algorithmic approach for solving the general two jugs problem and an important result for determining its optimal solution is presented in this paper. This approach is suitable for either hand calculations or implementation in common computer languages. The integer sequences for M 1 or M 2 can be computed easily by simple additions and subtractions only. There is no additional memory cost spent on searching and branching like what common search methods do when performing the pouring steps. Exploring the possibilities of extension of this approach to tackle the more general k-jugs (k > 2) problem and the method for determining its optimal solution will be a meaningful research topic to pursue further.
